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ABSTRACT

In this study, we introduce an enhanced estimator for the population variance of the
primary study variable under the simple random sampling without replacement
(SRSWOR) framework. This estimator leverages both the correlation coefficient
between the study variable and an auxiliary variable, as well as the interquartile range of
the auxiliary variable. We derive the expressions for its Bias and Mean Square Error
(MSE) up to the first order of approximation. Furthermore, the efficiency of the proposed
estimator is evaluated by comparing its Percentage Relative Efficiency (PRE) against
several existing estimators of population variance. The theoretical analysis supported by
numerical illustrations using real secondary data demonstrates that the proposed
estimator consistently outperforms the other estimators considered in terms of lower
Bias, reduced MSE, and higher PRE.

Key Words: Ratio Estimator; Quartile; MSE; PRE; Efficiency.

Introduction

In survey sampling theory, the use of auxiliary information has become a powerful tool
for enhancing the accuracy of population parameter estimates related to the primary
study variable. Numerous researchers have highlighted its significance in improving both
the design and estimation phases of sampling. Auxiliary information contributes to the
development of more efficient sampling strategies such as stratified, systematic, and
probability proportional to size (PPS) methods and enhances the precision of estimators
for key population characteristics, like the mean or variance of the main variable of
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interest. In the present study, auxiliary information is applied solely during the estimation
phase. The auxiliary variable (X) is assumed to be strongly associated with the main
study variable (Y). When the two variables exhibit a strong positive correlation and the
regression line of Y on X passes through the origin, ratio-type estimators are typically
employed to improve estimation efficiency. Conversely, if the correlation is negative,
product-type estimators are more appropriate. Regression-type estimators are considered
when the regression line does not intersect the origin.

Estimating the population variance is a central concern in survey sampling, and
numerous efforts have been devoted to enhancing the precision of such estimates. Within
the scope of sampling theory, a wide range of methods have been developed that
incorporate auxiliary information particularly through ratio, product, and regression
techniques to achieve more accurate estimations of the population variance. Several
existing estimators have been developed in the past, incorporating auxiliary information
to improve efficiency.

Sohaib et al [1] introduced an improved estimator for the finite population variance by
incorporating double auxiliary information under simple random sampling. Muhammad
et al [2] proposed estimators for both the mean and variance within the same sampling
framework. Gupta et al [3] extended existing variance estimators through a linear
scrambling model, demonstrating that their approach achieved greater precision than
Isaki’s [4] estimator under a linear response setting. More recently, Salem et al. [5] put
forward a new randomized response technique and developed an innovative variance
estimator that utilizes two auxiliary variables, showing substantial gains in efficiency
compared to existing estimators.

Zaman et al. [6] proposed new variance estimators by combining mathematical functions
with auxiliary parameters. In a separate work, Zaman et al. [7] introduced another
variance estimator that makes use of a covariance factor. Additionally, in a more recent
study, Zaman et al. [8] designed a randomized method that enhances the efficiency of
estimates through group discussion techniques.

Consider a finite population comprising N well-defined and distinguishable units. A
simple random sample without replacement (SRSWOR) of size n is drawn, resulting in a
bivariate sample (x;,y;), for i =1, 2...n corresponding to the auxiliary variable X and the
study variable Y. Let X and Y represent the population means of X and Y, while X and ¥
denote their respective sample means, which serve as unbiased estimators of the
population means. Assume that p denotes the correlation coefficient between the two
variables, and Q, stands for the interquartile range of the auxiliary variable X. In this
study, we introduce a ratio-type estimator for the population mean of the study variable
Y, utilizing the known values of p and Q.. It is further assumed that a dependable prior
estimate of the correlation coefficient p is available.

This study introduces a refined ratio-type estimator aimed at enhancing the estimation of
population variance. The primary objective is to construct a more efficient estimator that
builds upon the traditional ratio estimation approach. To achieve this, a generalized form
of the population variance estimator is proposed, from which several existing estimators
can be derived as specific cases by assigning particular values to a defining scalar
parameter.

Literature Based Variance Estimators

Numerous variance estimators have been developed in the literature, particularly those
utilizing auxiliary information to enhance precision. These estimators often based on
ratio, product, and regression techniques form the foundation for ongoing improvements
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in population variance estimation. The following section reviews key contributions in
this domain.
The most commonly used method for estimating population variance is the sample
variance, which serves as the foundational estimator in survey sampling.
to = sy
(2.1)
The unbiased and variance up to the first order of approximation as:
V(ty) = 95}27(7\20 -1
(2.2)
In 1983, Isaki [9] introduced a ratio-type estimator for estimating population variance by
incorporating auxiliary information.

s%
(2.3)
Where,
1 - 1 % ! X
Sy =1E i=1(yi —1}’)2, s = El i1 (xi —%)?, S 1= Eﬂil(xi - X)?
=B,y =Ty X= (3 X, and V= 23N, Y,

The approximate expressions for the bias and mean square error (MSE) of the estimator
in equation Eq. (2.3), calculated up to the first-order, are derived as follow
Bias(t,) = 0S;7[(Aoz — 1) — (A1 — 1)]

(2.4)
MSE(t,;) = 6S5[(Az0 — 1) + (A2 — 1) — 2(A4; — D]

(2.5)
Numerous researchers have utilized auxiliary information through known population
parameters of the auxiliary variable to develop various estimators for the population
variance of the study variable. These estimators are often presented along with their
corresponding expressions for bias, mean square error (MSE), and associated constants.
Kadilar and Cingi [10] proposed an enhanced estimator for the population variance. The
corresponding expressions for its bias and mean square error (MSE) are presented in
Equation (2.6).

S2+C
st =s7 [—X X]

s2+Cx
(2.6)
Bias(s%) = 9532/K1[K1(7\02 -1 -y — 1]
(2.7)
MSE(s?) = 6S7[(Az0 — 1) + Kf(Roz — 1) — 2K; (A1 — 1]
(2.8)

2
Where, K; = % is constant terms in the above estimator.
Similarly, Upadhyaya and Singh [11] introduced another estimator for the population
variance by utilizing auxiliary variable information. The bias and mean square error
(MSE) of this estimator are derived and examined in their study.

2 _ 2 S)Z(‘HPZ(X)
2 = Sy [5>2<+‘Pz(x)]
(2.9)
Bias(s3) = 9532;K2 [Ko(Roz — 1D — (A1 — 1)]
(2.10)

MSE(s5) = 95;[(7\20 — 1) + K5z — 1) — 2K, (A1 — 1)]
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(2.11)

Where, K, = % is the constant terms.

X

Subramani and Kumarapandiyan [12] developed a variance estimator based on quartiles
and functions of an auxiliary variable. The bias and mean square error (MSE)
expressions for their proposed estimator are presented below.

2
2 2 SX+Q1
53 - Sy I:S)Z(+Q1:|

2.12)

Bias(s3) = 0S7K3[Kz(Ap, — 1) — (A4 — 1)]
2.13)

MSE(s3) = 6Sy[(Az0 — 1) + K5(Ao2 — 1) — 2K3(Ay; — 1)]
(2.14)

S%
Where, K; = [m] are the constant.

Similarly, Khan and Shabbir (2013) [13].
Sxp+Q3
S4 Sy [S P+Q3]
(2.15)
Bias(s}) = 95321K4[K4(7\02 -1 -y —1)]
(2.16)
MSE(sf) = 95;;[(7\20 — 1) + K5z — 1) — 2K, (A1 — 1)]
(2.17)

Where, K =[ Sp ]are the constant
P T 1SZp+Qs '

Yadav et al (2014) [14].
Sxp+Qr
SS Sy [sxp+Qr]
(2.18)
Bias(sg) = 0S7Ks[Ks(ho — 1) — (A1 — 1)]
(2.19)
MSE(Sg) = 95;[(7\20 -1+ Kgo\oz - 1) = 2Ks(A; — 1]
(2.20)

Sgp
Where, K5 = [ > ] are the constant.
Sxp+Qr

Where, Q; = 1,2,3 are the Quartile which divide the whole data into four equal parts.
Where the function used for inter quartile range is Q, = Q3 — Q4, the semi quartile range

Qq = M and Average of the Quartile Q, = %, thus the MSE of the above Eq.

(2.6) to Eq (2.20) is written as,
MSE(s{) = 8Sy[(Az0 — 1) + K{ (Ao2 — 1) — 2K;(Ay; — D], wherei=1,2,...,5
(2.21)

Proposed Estimator
Motivated by Shahzad et al [15] ratio exponential-type estimator, this study aims to
develop improved estimators by incorporating auxiliary information through exponential
transformations. Such approaches are known to enhance the efficiency of population
parameter estimation, especially when there is a strong correlation between study and
auxiliary variables.

= (ki + kos}) (255 exn (553}
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(3.1)
) exp (22 (1+2))

S}% = (kl + sz}Z, + sz}Z,eo) (1 +

3.2)
Here, a is a constant determined by minimizing the mean square error (MSE) of the
proposed estimator SI?,. Some key properties of the proposed estimator Srz, are outlined
below.
Let we define sy = SZ(1+ep), and s = SZ(1+e;) also, E(ey) = E(e;) = 0, and
E(e(z)) = ?{(7\20 - 1), E(e%) = %(7\02 — 1), and E(epe;) = 1T_fo\n — 1), than let we
have

-1

sz = (ky +k;S2 + kySZe,) (1 + Pey) texp <_Tel (1 + ez—l))

(3.3)

here @ = —%

Where @ = s
By applying taller series and exponential series up to the first order and ignoring high
order of approximation than we have,
sz = (ky +k;S2 + kySZe,) (1 — ey + B2ey) (1 - % + %ef)

(3.4)
By simplifying equation Eq. (3.4) we have

1 9 3

sz = (ky +k,S2 + kySZe,) (1 — ((Z) + E)) e, ((232 +-+ E) e

(3.5)
Let¥, = ((b + %) and ¥, = (@2 + g + 2) than the above equation can be written as:
SI% = (kl + kzs}z, + kZS}Z,eO)(l - ‘}’161 + q”ze%)

(3.6)
After multiplying both terms in Eq. (3.6) and Subtract S7 from both sides we have,
Sl:z) - S}Z, = k1 + kzs}z, - SBZI' + kzsszleo - qujlel - kijls}z,el - kijlssz,eoel +
ki¥,ef +k,W,S7ef

(3.7)

To obtained the bias of the proposed estimator we applying expectation on Eq. (3.7) as:
E(Srz, - S}Z,) = kl + szSZI - S}Z, - kzl'pls}z,eoel + kll},ze% + kzlpzs}z,e%

(3.8)
To obtained the MSE taking square on both side on Eq. (3.7).
(s2 —S2)" = K2 + K2S# + S + k2Se2 + k2W2e? + k3W2Ske? + 2k,k,S2 — 2k, S2 —
2k kW1 S5epe; + 2kiW el + 2k k,W,Sied — 2k, Sy — 2k5W;Syeqe; +
2k, k,W,S7ef + 2kiW,Spef + 2k, W, Syepe; — 2k, W, Syef — 2k, W, Spef —
Zklkijlsgeoel - Zk%l'pls;eoel + 2k1k2q1%5;-'e%

(3.9)

The simplified form of Eq. (3.9) is written as,
(s2 - s;)2 = Sp+{1 + (W7 + 2W,)e2}ki+{1 + €] + (W% + 2W,)ef — 4W,e0e,JK3S;) —
2(1 + W,e0)k, S5 — 2(1 + W,ef — Wiege Dk, Sy + 2{1 + (W5 + 2W,)ef —
29 epeq 1k Kk, S2 (3.10)
By taking the expectation of Equation (3.10), we obtain the expression for the Mean
Square Error (MSE) of the proposed estimator.

-1
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MSE(s3) = Sy + {1 + (W2 + 2¥,)0(Ap, — DIKZ + [1 + of(Az0 — 1) + (W5 +

2¥,) Az — 1) — 4¥1 (A1 — D)} K3Sy — 2{1 + Wo0(Ro, — DIk, SZ — 2{1 +
Wy0(hpz — 1) —W10(Ay; — 1)}1(25;5 +2[1+ of{(W] +2¥,) (Ao — 1) — 2W; (A4 —
1)}k k, S (3.11)

Where,  E(e3) = c(A,0 — 1),E(e?) = 6(Ay, — 1) and E(ege;) = 0(A;; — 1),  and
Brs = 25, 1 LYN (Y, - V(X —X)5, and s = 0,1

rs T N-1

Eongy
After simplifying Equation (3.11), the resulting expression for the MSE of the proposed
estimator is given below.
MSE(s3) = Sy + kiA + k3S#B — 2k, S2C — 2k, SyD + 2k, k,SZE (3.12)
Where, A=1 + (Lp% + ijz)c(xoz - 1), B=1 + 0-{()\20 - 1) + (I.IJ% + quz)()\oz -
D-4¥; (A1 - 1)}, C=-2{1+%,0(k02— 1}, D=-2{1+%,0(kps— 1) —
Yi6(Ro2 — D}, and E = 2[1 + of{(W5 + 2¥)Ap — 1) — 2¥; (Ay; — D]
To differentiate Equation (3.12) with respect to k,, and k, and equate to zero, we need to
see the explicit form of Equation (3.13) as:

2Ek,S2 — 2CS2 + 2Ak, = 0,and 2Bk,S; + 2Ek,S2 + 2DS; = 0 (3.13)
The optimum values of k;, and k, are in equation (3.13) is given bellow.
__ S$(BC-DE) __ AD-CE
1™  AB-E2 »andk, = AB-E?2
(3.14)

Substituting the optimal values of k;,andk, into Equation (3.12), we obtain the
resulting MSE in the form given below. And the final and Simplified form of the
proposed estimator MSE is given bellow in Eq. (3.15).

AD?+BC2-2CDE
MSE(S2) = Sg(1 — —
(3.15)

Efficiency Comparison
In this section, we compare our proposed estimator Sf, given in equation (3.14) with the
existing estimator tq in equation (2.2). The proposed estimator outperforms the existing
estimator if the following condition is satisfied.
V(to) — MSE(S2) > 0,if (A4, —1) > 0

(4.1)
As we compare equation (3.14) to the Existence estimator in equation (2.5), we have the
proposed estimator Sf, is more efficient than the estimator t,, if
MSE(t,;) — MSE(SZ) > 0,if (A3 — 1) > (A2 — 1)

(4.2)
Similarly, if we compare equation (3.14) to the Estimators in equation (2.36), the
proposed one gives us better performance if,
MSE(s?) — MSE(S3) > 0,if A3 — 1) > (A — 1),i=1,2,...11 (4.3)

Empirical Illustration

To validate the theoretical findings and assess the performance of the proposed
estimators, this chapter presents a detailed numerical illustration. Using a real or
hypothetical dataset, the efficiency, bias, and mean square error (MSE) of the estimators
are computed and compared to demonstrate their practical utility.

Data-1: Waste data published by Italy's Agency for Environmental Protection (APAT)
(2004) [16]
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X: Total number of residents in Italy during 2003
Y: Volume (tons) of recyclable materials gathered across Italy in 2003
N =103,n = 40,Y = 626.2123,X = 556.5594,p = 0.7298, Sy =913.5498, C,
= 1.4588, S,
= 610.1643,C; = 1.0963, A, = 17.8738,4,, = 37.1279,,; = 17.2220,Q,
= 259.3830,Q;
= 628.0235,Q, = 368.6405,Q4 = 184.3293,Q, = 443.7033

Data-2: According to Murthy (1967) [17].
X: Amount of fixed capital invested.
Y: Production output from 80 factories within the region.
N =280,n=20,Y = 51.8264,X = 11.2646,p = 0.9413, Sy = 18.3549,C,,
= 0.3542, Sy
= 8.4563,C, = 0.7507,y, = 2.8664, 4,9 = 2.2667,A; = 2.2209,Q, = 5.1500,Q;
= 16.975,Q, = 11.825,Q4 = 5.9125,Q, = 11.0625

Data-3: According to Singh and Chaudhary (1986) [18].
N =70,n=25,Y = 96.7000,X = 175.2671,p = 0.7293, Sy = 60.7140, C;,
= 0.6254,S,
= 140.8572, C; = 0.8037,Xy; = 7.0952,X,5 = 4.7596,A;; = 4.6038,Q,
= 80.1500, Q5
= 225.0250,Q, = 144.8750,Q4 = 72.4375,Q, = 152.5875

Table:1 Proposed Estimator MSE’s performance on real data sets

Estimators Data-1 Data-2 Data-3
to 384782187275 5391.544 1313625
tr 218950915258 2942.428 924946.5
s? 218950874376 2886.199 924876
S5 218950249143 2742.454 924324.4
s2 218937357134 2322.655 912437.8
s2 218919853126 2157.976 898785.4
s2 218932433255 2298.715 907897.1
SIZ, 1329114669 197.7509 34632.47

Table:2 PRE’s of the proposed estimator on real data sets

Estimators Data-1 Data-2 Data-3
to 100 100 100
t, 175.739 183.2345 142.0218
s? 175.7391 186.8043 142.0326
s3 175.7396 196.5956 142.1173
s2 175.7499 232.1285 143.9687
sz 175.764 249.8426 146.1556
s2 175.7539 234.546 144.6888
Sg 28950.26 2726.432 3793.045

Conclusion

In this paper, we have proposed a novel generalized ratio-type estimator aimed at
improving the estimation of the population mean under simple random sampling without
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replacement (SRSWOR). The estimator leverages auxiliary information through the
correlation coefficient between the study variable and an auxiliary variable, thereby
enhancing the precision of the estimate. To evaluate the statistical properties of the
proposed estimator, we derived explicit expressions for its bias and mean square error
(MSE) up to the first-order approximation. This theoretical analysis enables practitioners
to understand how the estimator behaves asymptotically and under finite samples.
Moreover, we determined the optimal value of the scalar constant incorporated in the
estimator to minimize the MSE, which provides guidance on how to achieve the best
possible efficiency when applying the estimator in practice. The comparative analysis
presented in Section-4 and the empirical results summarized in Table-1 and Table-2
demonstrate that the proposed estimator consistently outperforms the existing estimators
listed in these tables, showing lower MSE values in Table-1, higher PRE-values in
Table-2, and yielding smaller bias and reduced MSE across various scenarios, which
confirms its superior efficiency and reliability for estimating the population variance. It
should be noted that the application of the proposed estimator requires prior knowledge
of the correlation coefficient (p) between the primary study variable and the auxiliary
variable. In practice, this information is often accessible from historical data, previous
surveys, or a preliminary study conducted on a small sub-sample of the target population.
In instances where the true value of p is unavailable, it can be replaced by its sample
estimate. Previous studies and our empirical findings suggest that substituting an
estimated correlation coefficient does not significantly compromise the performance of
the estimator, making it practical for real-world survey applications.

Hence, the proposed estimator should be preferred over the estimators given in Table-1
for estimating the population variance of the main variable under study. Considering the
theoretical derivations and empirical evidence presented in this paper, the proposed
estimator is strongly recommended for practical use in survey sampling when precise and
efficient estimation of the population mean is required. Overall, this study highlights the
estimator’s potential to improve the accuracy and reliability of population mean
estimates, making it a valuable contribution to the field of survey sampling.
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