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ABSTRACT

In this paper, we use formulas and properties of parabolic boundary value
problem and implement them to solve hyperbolic boundary value problems
using double general integral transform. These problems typically have
initial conditions along with boundary conditions specified at different points
in the domain. Solving hyperbolic boundary value problems can be
challenging due to the complex nature of the equations involved.
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1. INTRODUCTION

Transforms have been successively used since the 1780s. [7] Many integral trans-
forms such as Laplace transform, Sumudu transform, Aboodh transform, Elzaki
transform, Maghoub transform, Natural transform, and Kamal transform have been
developed by many academicians to solve Ordinary differential equations, Partial
differential equations, Integral equations, Integro-differential equations, system of
differential equations, boundary value problems[1].

An Integral transform is a Mathematical technique that converts a given function or
data from one domain into another by using integral equations[14]. Integral trans-
forms, help to change the representation of functions, making it easier to analyze
complex systems and solve various types of Differential Equations. They often shift
the problem from one domain to a different domain, where the analysis or solution
may be more convenient[11]. Integral transformations is a really effective way to
solve Partial differential equations[2]. Partial differential equation are math tools
that help describe a lot of things in physics and other sciences, making them super
useful. They’re like magic tools that turn complex equations into simpler ones for
easier solving[4]. General integral transform is given as:
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T{f®)} = m(s)j f (e "G dt

2. PRELIMINARIES
2.1. Double General Integral Transform
A double general integral transform is a mathematical operation that converts a
two-dimensional function into a different representation, often used for solving
complex problems in mathematics and engineering. It is defined as:
Let T (X, y) be an integrable function defined for the variables x and y in the first
quadrant p,(s) /=0, p,(s) /=0 and qgi(s), g2(s) are positive real functions; we define
the double general integral transform T2{f (X, y)} by the formula
Provided that the integral exists for some qi(s), g2(S).
[1]The double general integral transform is a valuable tool for solving boundary
value problems in Partial Differential Equations, including elliptic, parabolic, and
hyperbolic problems[4]. Researchers are actively exploring different integral
transforms to address these issues, and the double general integral transform has been
used to solve parabolic boundary value problems, particularly those involving heat
equations. This approach [6] has proven to be effective and useful in obtaining
solutions for parabolic boundary value problem.

2.2 Properties of Double General Integral Transform
2.2.1 Linearity Property

T2{af (x,y) + bg(x,y)} = aT2{f (x,y)} + bT2{g(x,y)}
Proof

L.H.S =T2{af (x,y) + bg(x,y)}

= m;(s)m,(s) [ f f e~ (M1(xFN2¥) af (x,y)dxdy
O O

0
= am;, (s)m,(s) ]]e_(nl(s)x“LnZ(s)Y) af (x,y)dxdy
0 0
+ b oo ©O ~
am, (s)my,(s) jje (n1()x+n2()Y) pg (x,y)dxdy
0 0
=aT2f (x,y) + T2g (x,y)}

=R.H.S
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2.2.2 Shifting Property.

If T2{f(x,y)} =1(s) then

T2{e®™ Y £ (x, ) }= 1 (s,a,b)

=m, (s)my(s) f0°° f0°° e~ (M (+x+(2(D+DIYf (% v)dxdy

Proof

T2{e®*f (x, y)} = 1(s,a,b)

That is

To{e @Mf (x, y)} =

my($)my(s) [y [y e~ MEOFTx+ M+ e (x, y)dxdy

L.H.S = Tx{e ®*Wf (x
= m1(s)m2(s) [, S~ E/ 1&x+n2ly) 4 laxFoydp oy yyaxdy

= mi)m2is) Jo Jo e— (1()x +n2(s)y +ax +by)s (%, y)ydxdy

—ml(s)mz(s)f fo e — (n1(s) +a)x + (n2(s) +b)yr (X, yydxdy
R.H.S

2.2.3 Change of Scale Property.
If T2{f(x, )} = 7(s) then T2{f(ax, by)} = —(s,a,b)

Proof

L. H.S = Tx{f(ax, by)}

TAf (X, ¥)} = ml(S)mz(S)foOo fooo e — (nl (Ix + n2(s)y)f (ax, by)dxdy
substituting ax =u and by =vwe getx - 0,u—0andy — 0, v — 0 also as
X — 00, u— o and y — o, V — o

adx:du:dx:d?uand bdy=dv:>dy:%

Put value in above equation

= ml(S)mz(S) foo n2(s)

dudv

fe—«“% +( VIE vy

=7 [ml(s)m2(S) f°°f°0 —(r1(8)) u + (ry(s) v) )f(u vy du dV]

_ 1
= Er(s,a, b)
= R.H.S

3.PROOF OF THE MAIN RESULTS
We will demonstrate the primary finding from part one in this section. But for this,
we need a few helpful theorems[2].

3.1. Theorem. Let f(x,y) be a function of two variables. If the first ordered

partial derivative Z—i andz—f] exists and (0, y) be given mi(s),and ni(s) are
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positive
real functions then

Tz{g—i <, ¥)} = —ma(s)T{F (0, y)} + ni(s) T2{f (X, y)}
where T {f (0, y)} is the new general integral transform of the (0, y).

3.2 Theorem. Let f(x,y) be a function of two variables. If the first ordered
partial derivativez—;c andg—f} exists and f(x, 0) be given ma(s) and nz(s) are positive
real functions then

Tz{g—ﬁ (<, )} = —ma(s) T {f (X, 0)} + n2(s) T{F (X, V) }
where T {f (x, 0)} is the new general integral transform of the f(x, 0).

Function f(z,y) | Double General Integral Transform T%{ f(z,y)}

1 m(s)ma(s)
ni(s)na(s)

f,(an‘+b'y) il s)mo(s)
- (nils)—a)(na(s,—b)

P(L(a.l:-{-by)) mi(s)mal(s)
" (n1(s)—ca)(nz(s,—ib)
‘ 1 miy(s)ma(s) my(s)mai(s)

COSh(aI + by) §[(n.1(s)—a.)(ng(s)—b) + (‘",1(8)-*—(].)('”2(5)-*-1))]

. 1 my (s)mol(s) . my(s)ma(s)
sinhi(as+hy) 2L Grle)-a s (5)0), — Trila)+a) (sl o))
COS‘(a.’l‘ + b ) l[ my(s)ma(s) i my(s)ma(s) ]

‘0! : Yy 2L (ni(s)=ta)(na(si—eh) (ni1(s)+ta)(na(s)4eb)

5 : 1 ma(s)ma(s) My (s)m2(s)
S”I((I,J_- + blj) 5[('n.l(S)—La)(ng(s_l—tb) - (n.l(s)+Lu.)('n.2(s)+Lb)]

1 > (T(g+1))*m,(s)ma(s)
(l.y)q,q > () ((1-,11(5)),:;1({9)9)%\-,21 s

=, ¥ . Tip+1)T(g+1)(my(s)ma(s))
#se 20 (2 (5))PF 1 (ma ()77 1
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3.3 Theorem. Let (X, y) be a function of two Variables. If the first and second
. .. df df 82 2%,
ordered partial derivative —~ , 3y 9% nd 2L EIe

m;(s), m,(s), n;(s) and n,(s) are positive real functions then
Tof (X, Y)}=—m, (S)[T {fx(0, )} + ny () T{f (0, y)}]

+n12(s)T2{f(X,¥)}
where, T {fx(0, y)}, T {f (0, y)} is the new general integral transform of the

{fx(0, ¥)}.f(0, y) respectively.

exist and f(0,y), fx(0, y)be given

3.4 Theorem. Let (x,y) be a function of two variables. If the first and second

af  of 62f %f .
ox ° 3y’ pyei d 3572 exist and f(x, 0),

(0, y)be given m4(s), m,(s), n;(s) and n,(s) are positive real functions then

ordered partial derivative—

T{ aa—;f (%, ¥)} = —my(S)[T {fy(X, 0)} + ny(s) T {f (X, 0)}] + ny(s) T={F(X,

y)}
where, T {fy(x, 0)},T {f (x, 0)} is the new general integral transform of the

{fy(x, 0)},f (x, 0) respectively.

4. APPLICATION
The DGIT will be used in this section to address the Hyperbolic Boundary Value
Problem[3].

4.1 Example. { axZ} { } = 0 under some restrictions. u(x,b) =0
u(a,y) =0u(0,y) is equal to 0. and u(x, 0) = sinx

Solution

TS+ TH5Ly=0
L.H.S = To{ 2ux(x, Y)} + To{ 5= uy(x, )}

= —m4 ()T {ux(0, y)}+n, () T2{ux(X, y)}
—m, ()T {uy(X, 0)}+n,(s) T2{uy(X, y)}
= n1(s) T2{ux(X, y)}+n2(s) T2{uy(X, y)}

+N2(8) To{ 52X, Y)Hn2(8) Tod Sou(x, )}

= N1(s)[-ma(s) T {u(0, y)}+na(s) T2{u(x, y)}1
+n2(s)[—m2(s) T {u(x, 0)}+n2(s) T2{u(x, y)}]

= n(s)n1(s) T2{u(x, y)} — n2(s)mz(s) T {sinx}

+ n2(s)nz2(s) T2{u(x, y)} =0

To{u(x, Y)HN(S)? + na(s)2] = na(9)ma(s) o]
T2{ux, y)Hn(s)* + na(s)’] _[[nl(s)gziszlzl(zs()sz)ﬁlnll((ss))z+1]

If n2(s)=1 and m; (s)=m,(s), then
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m2(s)ml
ToUG, YYHM(SY? + nafs)?] =[r—2me)__

Apply inverse ,we get {u(X, y)} = sin®x

4.2 Example . axz} { = 3=0

under some restrictions. u(O y) =0, u(a, y) =0, u(x, b) is equal to zero. and
u(x, 0) = sinx

Solution
Tof 2Ux(%, )} + T2{ 3 uy(x, )}

= —ma(S)T {ux(0, y)}+ni(s) To{ux(X, y)}
—m2(s) T {ux(X, 0)}+n2(s) T2{ux(x, y)}

= —ma(S)T {ux(0, y)} + ni(s)[-ma(s)T {u(0, y)}
+ n1(s) T2{u(x, y)}H —m2(s)T {ux(x, 0)}

+ n2[—m2(s) T {u(x, 0)} + n2(s) T2{u(x,y)}] =0
= —n1(s)M1(s) T2{u(x, y)}—ma2(s)[T {cosx}]
—n2(s)m2(s) T {sinx}+n1(s)?T2{u(x, y)} =0

To{u(x, y)}[n1(s)* + n2(s)] = mz(s) T {cosx} + nz(s)mz(s) T {sinx}
= Ma()[ 2R 4 ny(s)ma(s) [ ]

ml(s)m2(s)nl(s) ml(s)m2(s)n2(s)
T{ulx, y)}= n()2+1] = [nl()2+1]

_—ml(s)m2(s)[nl(s)+n2(s)]
TAU V=G rmm e 7]

_ —m1(s)m2(s)
TZ{U(X, Y)}— [n1(s)2][n1(s)—n2(s)]
If m,(s) = m,(s)
If ni(s) =1

= TAu(x, y)} = —[smx][m (S) - ]
= {u(x,y)} = —e'sinx

5. CONCLUSION
DGIT aims to streamline the problem into a set of ordinary differential equa-
tions, offering greater ease of manipulation. As a valuable asset, DGIT facilitates
the resolution of hyperbolic boundary value problems across diverse scientific and
engineering domains. By effecting a domain transformation and simplifying the
equations, DGIT offers insights into solution behavior
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