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ABSTRACT

Pythagorean fuzzy set, an extension of both the fuzzy set as well as the intuitionistic
fuzzy set, provides a flexible framework to deal with uncertainty and ambiguity. Ring
theory is one of the crucial study within the modern algebra which helps in dealing with
some complex problems of modern science and technology. Cartesian product is one of
the key operations defined on rings which is further used to study mappings and the
characterization of these maps. In this article we propose a novel form of Cartesian
product constructed between Pythagorean multi anti fuzzy rings. We also discuss some
of its characteristics and use this product to further study the image, pre image and some
other properties of the homomorphism defined within this framework.

Introduction

Since its introduction by Lotfi A. Zadeh in 1965 (Zadeh, 1965), fuzzy set theory has
become a groundbreaking idea in mathematics and has found useful applications in a
number of domains, such as pattern recognition, artificial intelligence, decision-making,
and control systems. Fuzzy set theory's primary attraction is its capacity to deal with
ambiguity and uncertainty, which traditional set theory finds difficult to manage. The
idea of intuitionistic fuzzy sets (IF'Ss), first proposed by Atanassov in 1983 (Atanassov,
1986), expanded fuzzy set theory by adding two new parameters: the degree of
membership and the degree of non-membership. By adding multi-dimensional
membership functions. The TF'S were further generalized by Yager by the construction of
the Pythagorean Fuzzy Sets (PFSs) (Yager, 2013). Sabu Sebastian developed multi-fuzzy
set theory (Sabu, 2011), which expanded on these fundamental concepts and further
generalized fuzzy sets. This development made it possible to model systems with several
criteria or characteristics, which makes it especially applicable in fields like multi-criteria
optimization and multi-objective decision-making. R. Muthuraj and S.

By proposing fuzzy subgroups, Rosenfeld (Rosenfeld, 1971) expanded fuzzy set theory
to algebraic structures. WJ Liu proposed the ring structure and its ideals under the fuzzy
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framework (Liu, 1982) which is further studied by well-known researchers in the
contexts of multi fuzzy (Al-Husban, 2022), intuitionistic fuzzy (Marashdeh, 2001) and
Pythagorean fuzzy settings (Razaq, 2023). Intuitionistic multi fuzzy near-rings and ideals
associated with it were studied by Batool et. al. (Batool, 2023). Balamurugan (Muthuraj
R. ,., 2013) developed the idea of multi-anti fuzzy subgroups, which integrate anti-
membership functions into multi-fuzzy set theory, as an extension of these ideas.
Recently the characterization of intuitionistic multi anti-fuzzy was done by Muthuraj
(Muthuraj, 2022) in which the Cartesian product and homomorphisms were focused.

The work specifically focusses on defining and analyzing the basic features of the
Cartesian product of an intuitionistic multi-anti fuzzy ring of a given ring. In addition, we
investigate the characteristics of intuitionistic multi-anti fuzzy rings' pictures under
homomorphism and anti-homomorphism, emphasizing the importance of these aspects in
comprehending the structural connections among these fuzzy systems. Cartesian product
is a basic mathematical procedure for combining two or more sets into a new composite
structure. By joining many intuitionistic multi-anti fuzzy sets, the Cartesian product may
be used to built increasingly intricate fuzzy systems in the setting of intuitionistic multi-
anti fuzzy rings.

Preliminaries

This section is devoted to describe some of the pre-requisite notions which are used in
this study and without having an acquaintance of these concepts it will be difficult to
understand the text.

Definition 2.0.1. Suppose a non-empty set E then the fuzzy subset (FSS) M of E can be
defined as
M= {(o, O(a)):axeEandO (a): E - [0,1].

Example 2.0.2.
We can define a FSS N for the set X = {1, 2, 3, 4, 5}as
N = {(1, .5),(2, .2),(3, 4),4 3),5, 1)}
If X={15, 25, 35, 45, 55} shows weights then the FSs "Heavy Weight" and
"Light Weight" will b
Light Weight = {(15, .9)(25, .8)(35, .5)(45, 1)(55, 0)}
Heavy Weight = {(15, 0)(25, .5)(35, .8)(45, 1)(55, 1)}

Definition 2.0.3. Suppose A is a set then the I'S described on A can be represented as
M= {(a, O(a), Q()):xeM, O(a):A— [0, 1] and Q(a): = [0, 1]} such that 0 <
O() + Q() <1.

Definition 2.0.4. The Pythagorean fuzzy set M constructed on the discourse set A can be
represented as M = {(a, O(a), Q(a)):xeM,0(a):A - [0, 1] and Q(a): = [0, 1]}
Suchthat 0 < 0;%(00) + 9,%(a) <1

Example 2.0.5 For the ground set A = {1, 2, 3} the set below describes the PFSs
M= {(1, 0.2, 0.9),(2, 0.3, 0.4),(3, 0.8, 0.2)}

Definition 2.0.6. Suppose a non- empty set X. A multi-fuzzy set M is defined as

M = {(a, 04 (a), 0,(a), O3(a), O4(),.....):aeX},
where, O;(a) — [0, 1] for all i. For instance, set written below is multi fuzzy

88



www.thedssr.com

Dialogue Social Science Review (DSSR) [7

ISSN Online: 3007-3154
ISSN Print: 3007-3146 DIALOGUE SOCIAL SCIENCE REVIEW

Vol. 3 No. 11 (November) (2025)
M={(a{.1 2, 4}, {3 4 .001)),( {2 .1, 25D}

Definition 2.0.7.  An Intuitionistic multi-fuzzy set M is defined as

M = {(a, O1(a), 0z(), Oz(a), ...,0 Qi(a), Qy(a), Q3(),..., Q()): ax € M}
where, Oy (a) — [0, 1] for all kand Q,(a) — [0, 1].

Definition 2.0.8. Take X to be the set of discourse then one can describe the Pythagorean
multi fuzzy set
PE = {(a, CQ(a), CO(a))/a € X}
is described by two maps CQ(a):X - Q and CO(w):X — Q, labeling as functions of
count membership and count non-membership, where the set Q exhibits family of all
possible crisp multi-sets produced from the interval [0,1] and for each a € X, CQ(a) will
be a decreasingly ordered progression such as  (0;(a))? = (0,(a))? = (03(a))? >

o = (Or(0)? and CO() could be of any order

(2 (@)°% (2@)°, ()% ... ()’ For eachae X 0< (C@)’ +
(co(@)” <1.

Example 2.0.9. LetM = {o,p,n} then A is intuitionistic fuzzy multi-set over " with
count functions:
0.3,0.3,0.5 ifa=o0
CQ(a) = {0.02, 0.02,0.02 ifa=p
1,1,06  difa=1
0.5,0.5,03 ifa=o0
CO(a) = {0.8,0.8,0.8 ifa=p
0.4 ifa=n

Definition 2.0.10. Given two Pythagorean fuzzy multi-sets A and B over X with maps
CQa(a) and CQg(a) labeling as functions of count membership of A and B and CO,(a)
and COg(a) showcases count non- membershlp, then:

i. Ac Blf(C'QA(O()) < (€95(0)” and (€UA(@)” < (CUR(®)° V a € X
i. A=Bif(C0(0)" = (CQs(w)” and (CUA(®)” = (CUZ(®))* ¥ a € X.
ii.  COunp(0) = min{(mA(oo)2 ,(CQB(O())Z} and COpnp(0) = max{(CU(a))",
(C0R())*Y .
iv.  CQup(@) = max{(CQa(@)”, (CQp()) Jand
COAuB(0) = min{(C0A()", (COR(@)’}.
V.  Complement of an intuitionistic fuzzy multi-set is defined as;

A° = (< q,(COA(@)°, (Cax(@)* >/ a € X}
Definition 2.0.11. Let M be a fuzzy set on a ring R. Then M is a fuzzy subring of G if and
only if
i. OM((X — B) = mln{ OM((X),.QM(B)}
ii. Opy(a.8) = min{ Oy(a), Qu(R)}

Definition 2.0.12. Suppose a ring R, and M = {(a Qy(a), Oy(a))|a €R} be
Pythagorean fuzzy ring over R, if the given conditions are holds,
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i, (Qu(a— R) = min {(Qy(@)°, (m®R))*}
ii. (QM(OLB))Z > min {(QM(a))Z, (QM(@))Z}
iii. (ON(a — B))z < max{(()N(oc))2 ,((ON(B))Z}
iv. (ON(aB))Z < max {(ON(a))Z ,((ON(B))Z}, V o,BeR

Definition 2.0.13. Suppose a ring R, and M = {(a Qy(a), Uy(a))|a €R} be
Pythagorean fuzzy ring over R, if the given conditions are holds,

i, (v — R)” < max {(Qu(@)’, (m®R))*}
it (Qu(a®)” < max {(Qu(@)”, (Qu(®)’}
i, (On(a—8))" 2 min{(On(@)” , ((On(®)"}
iv.  (On(aR))” = min {(ON(a))Z , ((ON(B))Z}, V a,BeR

Main Results
Here we describe the novel conception of the Cartesian product under the framework of
Pythagorean multi anti-fuzzy rings and exhibit some interesting algebraic characteristics.

Definition 3.1.1.

Consider a ring R and G = {(0(, COy (o), C’Ov(a))|a € R} as an PMAF'S over a ring R
occupied with count membership CQy () and count non-membership COy (). Then G
is called an PMAFR over R if and only if V o, € R the following conditions are hold.

i, (Com(a— R)® < max {(can(®)’, (Can(®R))™}
i (Com(aR))” < max {(cam(@)’, (Cau(®))’}
i, (COn(a—8))" = min{(cCOn(@)" , ((CON®))’}
iv.  (COn(a®))” 2 min{(COn(@)" , ((CONR)}, V aBeR

Proposition 3.1.2. If we assume G = {(a, CQp(a), CON())|a € R } as a PMATR over
aring R. Clearly,V o, 3 € R,
i (Com(@)” = (CaM(0))” and (CQu(®)” = (COM(~a))*
ii.  (COy(a— R))" = 0implies that (CQu (@)’ = (COM(R))’
iii.  (COn(@)" < (CON(0))" and (CON(@)® = (CON(-a))
iv.  (COy(a—R))* = 0 implies that (CON ()" = ((CON(R))®

Example 3.1.3.
Consider (Z, +, .) is ring of integers. Suppose G = {(a, CQy(a), CON())/a € R} is
an IMAFT over a ring R, where
(0.2, 0.3)ifa=0
COM(@ = (€8s (@, Ez (@) = {05 0174t @ 2 0

and
CON@) = (CUny (@),C0n, (@) ={ T ST~ 0

Evidently, G is an PMAFR of dimension 2.
90



Dialogue Social Science Review (DSSR) [7

www.thedssr.com

ISSN Online: 3007-3154

ISSN Print: 3007-3146 DIALOGUE SOCIAL SCIENCE REVIEW

Vol. 3 No. 11 (November) (2025)
Definition 3.1.4.
Suppose G = {(a, CQp(a), CON(x)) / a€R;}and H = {(B,CQu(R), COp(R)) /
€ R,} are PMAFR on rings R; and R,, respectively. Then we define the anti-Cartesian
product of G and H.
GxH

= {((a,B), (M U CQ0) (o, B), (CON N CUP) (a1, R))/ (o, B) € Ry

X Ry},
Where

(C0 U CQp)(a R) = max {(CQM()", (€2 R))°},V (e R)e R, x R,
(€0y N C0Q)(oR) = min {(CON(@)” ,((CUR®))’}, ¥ (@, B)eR; x R,

Theorem 3.1.5.
Suppose G = {(a, CQy (), COx(a)) / aeRy} and H = {(B, CQo(R), COp(R)) /

e R,} are PMAFR on rings R; and R,, respectively. Hence, G x H is an PMAF subring
of the ring R; X R,.

Proof.
We are using a shorthand Oy for CQy U CQg and Oypp to denote COy N COp. Then

G x H = {((a,B), Omyo (&, B), Onpp (o, B))/ (a, R) € Ry and R,}
Suppose o, € R; X Ry, where a = (I, m), & = (t, v),
i 02 pmuo (o, ) = max{ (OM(I — t))2 (OO(m V))Z}
< Max{max{0% (1), 0? y(t)}, max{03(m), 04 (v)}}
= max{max{0% (1), 04 (m)}, max {0%(t), 04 (V)}}
= max{Ofyo (L m), 02 muo (6, V)}
0% pyo(a = R) < max{Ofyyp (), 0% myo(B)}
. 0%myo(aR) = 0%yyo (A, m). (t,v)) = Ofyo(lt, mv)
= max{0?y(It), 0?¢(mv)}
> Max{max{0?y (1), 0%y (1)}, max {0%o(m), 0% (v)}}
= max {max {0*y(), Uzo(m)}' max {0y (t), 0% (V)}}
0*myo(aB) < max {02 MUO(O() 0% myo (B)}.
iii. 02 npp(a, R) = min{ 0% (1 — t), 03(m — v)}
> min{min{ 0%y (1), 0%y ()}, min{ 0%p(m), 0%p(v)}}
= min{min{ 0%y (1), 0?p(m)}, min{ O?y (1), 0?p(V)}}
= min {O?ngp(l, M), 0%npp(t V)}
O%npp (a0 = B) = min{0?npp(a), 0% npp(B))-
iv. Ofinp(aB) = Ofpp((, m).(t, v)) = Ofpp(It, mv)
= min{0?y(1,t), 0%p(m,Vv)}
> Min{min{0?y(1), 0?N(D)}, min{0?p(m), 0?p(Vv)}}
= min{min{OZN(l), Ozp(m)}, min {0?y(t), 0%p(V)}}
= min{0%yqp(l, m), 0° NnP(t v)}
0? nop(@ ) = mln{OZNnP(O() 0? nop ()}
This implies that G x H is also an IMAFR on rings R; X R,.

Theorem 3.1.6
Suppose G = {(a, Oy (), On(a))/ae Ry and H = {(B, Up(R), Up(R))/R € R,} are
IMAFS on a ring R; and R, correspondingly. Let R; and R, have identity elements that
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is 0,and 0,respectively. If an IMAFS of R; and R, is the anti-Cartesian product G x H,
then at least one of the following conditions must be true.
i. 03(0,) < 0%y () and 0?p(0,) = 0%y(a),V aeRy
ii. Op(0,) < Up(R)and Uy(0,) = Up(R), VR eR,.
Proof:
Suppose G = {(a, Oy (), On(a))/aeR;}and H = {(R, Uo(R), Up(R))/R €R,} are
IMAF'S on a ring R, and R, correspondingly.
Then, G x H = {((a, B), 0%pmyo(a, B), 0%nap(e,B)): (o, B) € Ry X R, 3},
Where, 0% yyo (o, B) = max{0?y(a), 0%5(R)},V (o, B)e Ry X Ry,
0%nnp (o, B) = min {0y (@), 0%p(R)},V (o, R)e R; X R,.
Consider (o, R) e R; X R,, wherea = (1, m), R = (t, v),
Suppose an IMAFR of R; x R, is the anti-Cartesian product G x H. By contraposition,
suppose that the given condition (i), (ii) is not hold then we can interpret a € R,and
£ € R, such that
i. and 0%p(0,) < 0%y(a),VaeR,
ii. and 0%y(0;) < 0%(R),VReR,
We have, 0?%yyo(a, R) = max{0?y(a), 0%5(R)}
< maX{OZO(Oz): 0%y(0,)}
= max{0%y(01), 0%5(0,)}
= OZMUO(Olf 0,)
0*myo(a, B) <

0%myo(01,05)
Also, 0?%yngp (o, ) = min{0?y(a), 0%p(R)}

> min{0%p(0,), 0%y(0,)}

= min{0%y(04), 0%p(0,)}

= OZNHP(OL 02)

0%nnp(0, B) > 0%npp (04, 05).

Which implies that G x H is not an IMAT subring of R; X R,.
Hence, either 024 (0,) < 0%y (a) and 0?p(0,) = 0%y(a),V a € Ry
or OZM(Ol) < Ozo(fg) and OZN(Ol) = OZP(B),V e Rz.

Theorem 3.1.7

Suppose G = {(a, Oy (), On(a))/aeRy} and H = {(B, Uo(R), Op(R))/ReR,} are
IMAFS on a ring R;and R, correspondingly, such that
0%4(0,) < 0%y(a)and 0%p(0,) = 0?y(a), VaeR,, where 0,is the identity element
of R,. Suppose an IMAF subring of R; X R,. is the anti-Cartesian product G x H, then
G is an intuitionistic multi-anti-fuzzy subring of R;.

Proof:
Suppose G = {(a, Oy (a),On(a))/aeR }and H = {(B, Ug(R), Up(R))/R € R,}are
IMAFS on a ring R; and R, correspondingly.

Then, G X H = {((a, B), O%pyo (e R), 02xap(a R))/ (o RB) € Ry X
Ry},
Where, 0% yuo (o, R) = max{0?y(a), 0%5(R)}V (o, B) eR; X Ry,

0%ynp (o, B) = min{0?y(a), 0%2p(R)}, V (o, R)e Ry X R,.
If the anti-Cartesian product is an IMAF subring of R; XR,thenGis
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an IMAFR of R, then
(a,0,), (B,0,) eR; X R,.
Since, 02%4(0,) < 0%y (o) and 0%p(0,) = 0%y(a), V aeR;,  where0,is  identity
element of R,.
i 0%y (a — R) = max{0?y(a —R), 025(0, — 0,)}
= OZMUO(O( — 8,0, — 0y)
= 0%myo((a, 05) — (8,0,))
< max{0?yyo(a — 0;),0%myo(B — 0,)}
= max{max{0%y (a), 0% (0;)}, max{0*y(B), 0% (02)}}
= max{0%y(a), 0%y (R)}
0?y(a—R) < max{ 0*y(a), 0%y (B)}
ii. 0%p(aR) = max {0?%y(0,0,), 0%y (aR)}
0*muo (0404, aR)
0*muo((01, @). (04, R))
max{ 0%pmyo((01, @), 0*myo (04, B)}
max{max{ 0% (0,), 0% ()}, max{ 0% (0,), 0%¢(R)}}
max{ 0% (a), 0%¢(R)}
0%5(aR) < max{ 0%y(a),0%5(R)}
iii. 0%y(a — RB) = min{0?y(a —R),0%p(0, — 0,)}
OZNnP(a — 13,0, — 0y)
OZNnP((a: 02) —(8,0,))
> min{(0*npp(a, 02), 0*nnp (R, 02)}
= min{min{(0?y(a), 0?p(0)}, min{0?*y(R), 0?p(0,)}}
= min{0?y(a), 0?y(R)}
0%*y(a — R) = min{0?y(a), 0?y(R)}
iv. 02%y(a?) = min{0%y(aR),0%p(0,0,)
O%Npp (af3, 0,0;)
OZNHP((O(f 02)(13,02))
min{0%ynp((a, 02), 0*nnp((8,02)}
min{min{0%y(a), 0%p(0,)}, min{0%y(R), 0%p(0;)}}
= min{0?y(a), 0?n(R)}
0%y (aR) = min{0?y(a), 0y (R)}
Hence, GisanIMAF subring of R;.

1 I VAN | |

=

Theorem 3.1.8
Suppose G = {(a, Oy (), On(a))/axeR;} and H = {(B, Ug(R), Up(R))/R eR,} are
IMAFS on a ring R;and R, correspondingly, such that
0%(0;,) < 0?%p(R)and 0%y (0,) = 0U%p(R), V ReR,, where 0, is identity element of
R;. If anti-Cartesian product G x H is an IMAF subring of R; X R,, then H is an IMAF
subring of R,.

Proof

suppose G = {(&, Oy (), Ox(c))/ae Ryyand i = {(R, Ug(R), Up(R))/R € R,) are

IMAFS on a ring R;and R, correspondingly.

Then, G x H = {((a,B), 0*myo (e, B), O%nap(a,B))/ (o, B) € Ry x R,},

Where, 0% yuo (o, R) = max{0?y(a), 0%5(R)}L,V (a, R) eR; X Ry,
0%5ap(a, ) = min{ 0%y (), 0?p(R)},V (o, ) € R; X R,.

93



il.

iil.

iv.

www.thedssr.com

Dialogue Social Science Review (DSSR) [ﬁr
'45

ISSN Online: 3007-3154

ISSN Print: 3007-3146 DIALOGUE SOCIAL SCIENCE REVIEW

Vol. 3 No. 11 (November) (2025)
Suppose G x H is an IMAT subring of R; X R, and
o, 2 € R, then (0,, a),(0,, ) eR; X R,.
Since, 02%y(0,) < 0%,(R) and 0?y(0,) = 0?p(R), V R €R,, where 0;is identity
element of R;.
0%g(a — B) = max {0%y(0; — 0,), 0%g(a—R)}
0*muo(01 = 05, a —R)
0%muo ((01, @) — (04, R))
max{ 0%ymyo (01 — @), 0%myo (01 — R)}
max{max{ 0%\ (0,), 0% ()}, max{0%y(0,), 0%, (R)}}
= max{ 0%5(a), 0% (R)}
0%p(ax — R) < max{ 0%y (a),0%5(R)}
0%p(aB) = max {0?y(0,0,), 0% (aR)}
0?Mmyo (0104, aRk)
0%muo((04, @). (04, R))
max{ OZMUO((Olt ), 0*muo (04,13)}
max{max{ 0%\ (0,), 0% (a)}, max{ 0%\ (0,), 0%¢(R)}}
max{ 0% (a), 0%¢(R)}
0%5(aR) < max{ 0%y(a),0%5(R)}
0%p(a — B) = min{0*y(0, — 0,),0%p(ax — RB)}
0%npp(04 — 01, — B)
0%nnp((, 01) — (B,04))
min{(0%nnp(01, &), 0%Nnp (04, )}
min{min{(0?y(0;), 0?p(a)}, min{0?y(0,), 0%p(B)}}
= { 0%p(a), 0%p(R)}
0%p(a — B) = min {0%p(a), 0%p(R)}
0%p(aR) min {0?y( 0,04), 0%p(aR)}
O0”nnp(0104, afd)
OZNHP((O(: 02)(13,02))
> min{ 0% ynp((04, &), 0%Nnp((04,B)}
= min{min{ 0%\ (0,), 0?p(@)}, min{ 0?y(0,), 0%p(c)}}
= min{0?p(@), 0%p(R)}
0%p(af) = min{0?%p(a), 0%p(R)}
Hence, H is an IMAT subring of R,

IV I

1 IA

v

I
N -

Remark 3.1.9
Suppose G = {(a, Op(a), On(a))/aeR1}and H = {(, 0o(R), Up(R))/ReR,} are
IMAFTS on a ring R;and R, correspondingly. If the anti-Cartesian product G x H forms
an IMAT subring of a ring R; X R,, then it must be true that G is an IMAF subring of a
ring R,or H is an IMAFT subring of a ring R,.

Conclusion:

In the framework of Pythagorean multi-anti fuzzy rings, a significant and innovative
extension of fuzzy algebraic structures, we present and rigorously describe the idea of the
Cartesian product in this study. As a basic operation, the Cartesian product offers a
mathematical foundation for systematically combining many intuitionistic multi-anti
fuzzy sets, enabling the formation of increasingly intricate and composite fuzzy
structures. The formal definition of this Cartesian product, together with a thorough
examination of its theoretical characteristics and ramifications, are the main topics of this
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work. This study establishes the basis for new techniques for building and analyzing
fuzzy algebraic systems that can manage higher degrees of complexity and ambiguity by
applying the Cartesian product to such complicated fuzzy systems.
The features of the Cartesian product in intuitionistic multi-anti fuzzy rings are studied in
considerable detail in this study.
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